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Abstract 
Although the proof is one of the basic concepts in mathematics, students have difficulty to use mathematical proof in advanced 
mathematical courses. Even students who take a number of university level advanced mathematics courses are not able to grasp 
the mathematical proof. Accordingly, the purpose of this study is to investigate what pre-service mathematics teachers 
understand about the proof. In this case study, 22 pre-service mathematics teachers are involve in a brain storming activity. The 
number of terms appeared after this activity is 21. It is also found that they could not appropriately relate these terms in their 
concept maps. 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
In general, proof is considered as a concept specific to mathematics. With its general meaning, proof is an 
endeavor for a judgment, a proposition or a result to be accepted as true (or wrong) with necessary evidence 
(YÕrdÕrÕm, 2000).  On the other hand, mathematical proof is used for confirming a result, convincing others to accept 
this knowledge, for finding a result and for putting all the results found in a deductive system (Almeida, 2003). 
Source of its roots reaches to Euclid’s book “Elements” which was published in 4 BC (Almeida, 2003).  
Mathematical proof is mathematics’ most crucial property that separates it from the other disciplines (Garnier & 
Taylor, 1997; Hanna & Jahnke, 1996). With this property, it can be considered as indispensable part of mathematics. 
In addition, mathematical proof is placed into center of most of the mathematical activities during the primary 
school level (NCTM, 2000; Stylianides, Stylianides & Philippou, 2007; Schoenfeld, 1994).  With its increasing and 
irreplaceable importance in mathematics, thinking process and progress of students of different age group during 
doing mathematical proof became a research area in mathematics education. From the findings of literature in this 
area, however, it can be said that doing mathematical proof  is a process with which students face difficulty, which 
students fail or have a belief of being failed at the end, and of which students are afraid, in any kind of educational 
levels, either in primary, secondary school or in undergraduate level, In addition, students, in general, do not like 
doing mathematical proof (Almeida, 2003; Güler, 2010; MoralÕ, et al., 2006; Özer & ArÕkan, 2002; Jones, 2000; 
Raman, 2003). 
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Proof is a way to learn mathematics more meaningful (Tucker, 1999). Especially in advanced level mathematics 
courses, the use of proof is inevitable. Although proof is in the center of mathematics curriculums (NCTM, 2000), 
students have difficulty to use mathematical proofs in any kind of advanced mathematics courses (Solder & Harel, 
1998), such as complex analysis, abstract algebra, calculus, etc… In fact, research indicates that some graduates of 
mathematically dominant university degrees have poor ability to use mathematical proof (Baker, 1996; Jones, 2000). 
Therefore, it is crucial for students to have knowledge of not only the ways of using mathematical proofs, but also 
why they use them. So, their understanding and their perceptions about the proof gain importance. 
While the meaning and importance of proof in mathematics and mathematics education is increasing sharply, as 
the educators and trainers of students who may become prospective mathematicians, pre-service and in-service 
mathematics teachers’ level of doing mathematical proof, their perceptions and views about mathematical proof gain 
importance and should be seriously taken into consideration (MoralÕ et al., 2006). To construct their lessons 
effectively, mathematics teachers need to know how concepts (in the objectives of the lessons) appeared and on 
what this knowledge or principle is based. To do this, they need to be well-qualified in doing mathematical proof. 
Pre-service mathematics teachers need to have the knowledge of not only doing mathematical proof but also of the 
relations among the concepts while doing mathematical proof. 
There are various strategies that measures proficiency of proof and doing it in mathematics education. Concept 
map, one of the strategies for measuring proficiency, is a helpful tool that shows how students understand the 
relations among the objects, ideas or human beings (White & Gunstone, 1992). Specifically, since this strategy helps 
students to construct a relation between their prior cognitive knowledge and newly gained knowledge, its usage 
increases their understandings (White & Gunstone, 1992). In addition, it provides considerable contribution to 
students’ consistent learning. According to this aim, purpose of this study is to examine pre-service mathematics 
teachers’ views about mathematical proof. In the data collection process, their views about it were determined which 
was based on their own key words about proof. Then, they were expected to picturize these concepts by using 
concept mapping method.  
2. Method 
In this study, the main tool used for data collection is concept map. It is very useful tool to get evidence of 
students’ comprehension of what is studied. As it is indicated in the literature, concept map can be used as an aid for 
understanding students’ progress during learning and for evaluating their learning (Gürbüz, 2006). It is one 
important way for students’ meaningful learning (Jung, 2002; NCTM, 1989). With the use of concept map in this 
study, what pre-service teachers know about mathematical proof and how they grasp it will be investigated.   
The procedure for this study was as follows. Students’ were asked to tell concepts that come to their minds about 
“what is proof?” In this brain storming activity, students’ tell the concepts in first 15 minutes. Each term was written 
to board that every student can see. Then, they are expected to construct a concept map about the proof by using the 
terms which are appeared during the brain storming activity. In 20 minutes, they were expected to use any concept 
to construct a concept map which is a graphical representation of proof including links between and/or among the 
concepts. During this session, discussion or communication among participants was not allowed. 
In the data analysis process, both researchers examined the concept maps constructed by participants. There were 
two criteria for data analysis for this case study, which are the number of concepts used in the concept maps and 
how they were related. Whether links were specified or not was also considered.  
In the study, there were 22 pre-service mathematics teachers with convenience sampling as participant. All of them 
were in their last year before graduation. Therefore, they would prospectively teach mathematics to high school 
students in the following year. All of them took and passed some compulsory and elective high level mathematics 
courses (at least 10 courses), which proof is essential component in the curriculum, such as linear algebra, calculus, 
number theorem, etc…  
The study was held in the middle of spring semester in 2010. Participants’ responses are analyzed. Results were 
explained in the next section.  
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3. Results and Discussions 
Participants  of  the  study  have  knowledge  of  what  is  proof  and  how  it  can  be  described  because  they  took  
introduction to abstract algebra whose curriculum includes methods of mathematical proof. In addition, they took 
additional higher mathematical course.  
With this background, participants are expected to construct comprehensive concept map about the proof. To 
draw a concept map from their perception of mathematical proof, they need key concepts which represent the whole 
picture of mathematical proof. For this purpose, 21 key concepts appeared after brain storming activity performed 
by participants. These key concepts are as follows. There is no specific order for formation.  
Theorem  Proof by Induction  Deduction  Reason – Result  
Axiom  Logic     Curiosity  Reasoning        
Cauchy’s Theorem Lemma    Hypothesis  Memorization       
Bernoulli       Substitution   Conjecture       Determination             
Proof by Contradiction Conclusion                Claim – Reason  Sandwiches Method     
Conclusion via Axioms 
In the next step, all participants constructed a concept map by choosing concepts from this list. To evaluate these 
data, the concept maps must be scored in order to compare the results. As it is mentioned above, there are two main 
criteria for scoring the concept maps. These are number of key terms used and how participants interpret these key 
terms by relating them.  
According to participants’ concept maps, the table below summarizes their comprehension of proof. 
 
Table 1. Summary of Findings in Students’ Concept Maps 
 
 Range /Number of Key 
Concepts Used 
Range / Number of 
Link 
Range / Number of Link 
Explained 
Range / Number of 
Classification 
Average 6-21 / 12,36 5-20 / 12,91 0 – 6 / 1,05 0-3 / 1,82 
 
Actually, every concept in the list above has great importance and this list can be broadened with numerous key 
concepts. However, number of key concepts appeared as it is seen in limited time interval. While analyzing the data, 
it can be interpreted that if pre-service mathematics teachers are comfortable to use specific concept, they 
understand these concepts well enough, so that they can relate them with each other, they can make a classification 
from these concepts and they can explain the links between or among the key concepts. On the other hand, if 
prospective teachers did not use some of these terms they have no or little information about the concepts.  
In the study, researchers focused on the general explanation of proof from their perspective. However, some of 
the participants focused on the specific part of the proof and they did not focused on the proof as a whole. Therefore, 
number of concepts used decreased and researchers did not ignore this point.  
As it is seen in the table, number of key concepts used by pre-service mathematics teachers ranges from 6 to 21 
with the average of 12, 36. Five students used less than ten concepts. For the participants who are in the last year of 
teacher training program in mathematics, number of key concepts used is very low, because they took at least 10 
mathematics courses. They had to have detailed information about the proof. This is because they were always 
engaged to proof processes. They had to learn more concepts. Therefore, such participants need base knowledge of 
mathematical proof. 
Number of link for the key concepts also gives information about participants’ views and comprehension of 
mathematical proof. Number of key concepts used and number of links are similar from the participants’ concept 
maps.  Their  averages  are  12,  36  and 12,  91.  From this  information,  they  link  one  concept  with  the  other  or  they  
made a classification.  
Explanation of the links between or among the key concepts makes researchers better understand what 
participants think and what participants know about the mathematical proof. On the data analysis, researchers 
realized that only six participants used explanation for the relations. Average of number of explanation among the 
concepts for only such participants is 3, 83. Since some participants do not want to explain the links in their work, it 
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is beneficial for researchers to take only the participants’ works who explained the links. At the end, almost all 
participants made a classification for the concepts.  
These numeric data gives impression to understand how participants understand about the mathematical proof. 
However, it does not full picture. To give meaning to participants’ works, researchers discussed and chose three 
concept maps from participants’ works. The choice was done with the consensus of both researchers. These are 
chosen according to participants’ determination of what is mathematical proof. These concept maps are one with 
low level of representation of mathematical proof, one with medium level of it and one with high level of it. 
Figure 1: Original and English Version of First Concept Map Sample 
 
In the first example, pre-service mathematics teacher tried to construct a simple explanation for the mathematical 
proof. Actually, s/he did not even mention about the mathematical proof and started with hypothesis. According to 
this participant, hypothesis results in axiom, curiosity, logic, reasoning and determination. Since the participant did 
not  give  explanation  for  the  relations,  it  is  hard  for  the  researchers  to  figure  out  whether  the  participant  made  a  
classification or thought that these concepts are similar when the mathematical proof is considered. It is also 
possible that s/he thought that these concepts are necessary components while making connection from hypothesis 
to theorem.  
Figure 2: Original and English Version of Second Concept Map Sample 
 
Second step for this participant was to put a link from theorem to proof techniques. Participant’s view was that 
proof can be done with theorem. In fact, hypotheses and axioms are very important during the proof process. 
However, s/he thought that theorem is enough for doing mathematical proof. Moreover, his/her classification is 
wrong according to proof techniques. There are only two proof techniques in mathematics which are deduction and 
induction. What this participant wrote as proof techniques other than deduction and induction are included in 
Theorem
Theorem
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deduction. Therefore, this participant has a misconception about the classification of the proof techniques. S/he 
thought that these techniques are separated from each other.  
It must be indicated that this participant’s construction of concept map about the mathematical proof is not 
enough to explain what really proof is. 
In the second example, when compared concept map is better than the first one. S/he put the proof in the center, 
and tried to explain what proof come from, how to do it, what to reach with it. S/he also put some explanation for 
the relation between proof and the other concepts. There are three important points to mention about this concept 
map. Firstly, s/he indicated that proof can be constructed by hypothesis and logic, then, it helps to reach a 
conclusion. Actually, this is good way to simplify what proof is. However, s/he did not explain where to put the 
theorem in the proof process. S/he gave a relation to proof but did not explain how to involve the theorem to proof. 
Secondly, s/he related the proof with memorization. In fact, the memorization is not the necessary component for the 
mathematical proof. Even the students are not encouraged to memorize the proof knowledge, techniques and 
procedures. However, this participant sees the memorization for an important factor for the mathematical proof. 
Lastly, s/he showed how to do a proof. S/he indicates the ways of proof as induction and deduction. However, s/he 
also related the proof with Conclusion via Axioms. There is no explanation for this relation, but it is possible that 
s/he sees this expression as a proof technique.  
In the last concept map, participant explained how the proof appears. From curiosity to theorem, participant gave 
a logical explanation. However, there is a problem to make a classification for the theorem. In fact, s/he tried to 
show the proof techniques, but s/he has a misconception similar to the participant who constructed the first concept 
map above. Although some of the proof techniques that this pre-service mathematics teacher indicates are included 
in  induction,  s/he  could  not  differentiate  and find  true  way of  classification  of  proof  techniques.  At  the  end,  s/he  
indicates that the theorem is accepted if proof is true or it is rejected if it is wrong. Participant simply explains how 
to do a mathematical proof.  
  
Figure 3: Original and English Version of Third Concept Map Sample 
 
Similar findings and results are found in the other concept maps. Some of them are well prepared and researchers 
can understand what is in participants’ mind while analyzing the concept maps. However, there are also some 
misconceptions and wrong knowledge that participants have.  
4. Conclusion and Comments 
Under the light of the collected data in the study, what mathematics teachers constructed about the relations 
among  the  concepts  about  the  proof  in  their  mind  is  not  fully  developed.  There  are  evidences  that  they  have  
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incomplete knowledge about the proof. The results also support the findings of the Jones’ (2000) study. In addition, 
mathematics teachers’ mental construction of mathematical concepts about the proof and the relations among them 
is insufficient, because mathematics is cumulative discipline as well as it is believed that pre-service teachers do not 
give necessary interest to these concepts. Since pre-service mathematics teachers will have low level of growth and 
improvement in pedagogical content knowledge in the near future, there is a need to train them with the activities 
that they can internalize the mathematical concepts about the proof. 
In the first step of the study, after the brain storming activity, the first concepts about the proof that comes to the 
pre-service teachers’ mind are route memorization. This finding indicates that pre-service teachers do not give 
comprehend how doing proof is crucial for mathematics and teaching mathematics. During the training program in 
the university, these pre-service teachers learn various theories and their proofs in the mathematics lesson. From the 
findings  of  this  study,  however,  it  can  be  interpreted  that  this  knowledge  may be  gained this  knowledge  with  the  
help of memorization. 
Doing mathematical proof is included in the mathematics curriculum of primary, secondary and undergraduate 
level of educational institutions (NCTM, 2000). Therefore, pre-service teachers have to train themselves in the way 
of improving their knowledge about the proof and producing activities that requires proof based instruction. If they 
have lack of knowledge about doing mathematical proof, the frequency of applying proof based mathematical 
activities will be affected and will be decreased in their lessons.  
As recommendation, there is a need to do more research which investigates what mathematical proof in students’ 
and teachers’ mind and how it is perceived. The importance of doing mathematical proof should be revealed by 
investigating what primary, secondary and university level students think about the proof and what parameters affect 
processes of doing mathematical proof. 
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